Abstract. Let KG be a non-commutative group algebra of a torsion nilpotent group G over a field K of positive characteristic p whose unit group, UðKGÞ, is solvable. In the present note we prove that dlðUðKGÞÞ d dlog 2 ð p þ 1Þe and characterize group algebras for which this lower bound is achieved.
Introduction
Let KG be the group algebra of a non-abelian group G over a field K of positive characteristic p and let UðKGÞ denote its unit group.
The investigation of when UðKGÞ is solvable dates back to the beginning of the 1970s with the work by Bateman [3] dealing with finite groups. Necessary and su‰-cient conditions have been recently given by Bovdi [6] in the case in which G contains at least one element of order p (throughout the rest of the paper we refer to these group algebras as modular). By virtue of these results one has that, if p > 3 and G is torsion, then UðKGÞ is solvable if and only if the commutator subgroup G 0 of G is a finite p-group. More conditions are required in the special cases in which p ¼ 2; 3.
Though the study of important theoretical properties has been going on for a long time, at the moment very little is known about the derived length of UðKGÞ. Shalev in [14] classified group algebras of finite groups over fields of odd characteristic whose unit group is metabelian, and this classification was completed in even characteristic by Kurdics [8] and independently by Coleman and Sandling [7] . Sahai in [13] , under the same assumptions as the paper of Shalev, obtained necessary and su‰cient conditions for UðKGÞ to be centrally metabelian. Recently Baginski showed in [1, Theorem 2] that if G is a finite p-group with cyclic commutator subgroup, then dlðUðKGÞÞ ¼ dlog 2 ðjG 0 j þ 1Þe, where the right-hand side of the equality denotes the least integer n with n d log 2 ðjG 0 j þ 1Þ, under the assumption that char K ¼ p d 3. Finally, Balogh and Li [2] computed dlðUðKGÞÞ when G 0 is again a cyclic p-group, for some odd p, but without restrictions on G.
In particular, an easy consequence of Baginski's result ([1, Corollary 1]) leads to a lower bound for dlðUðKGÞÞ, namely dlog 2 ðp þ 1Þe c dlðUðKGÞÞ;
under the assumption that G is a finite p-group. Now suppose that p > 3 and G is a torsion nilpotent group such that UðKGÞ is solvable. Since G 0 is a finite p-group and G is locally finite, there exists a finite psubgroup P of G such that P 0 ¼ G 0 . By applying Baginski's result, one has dlog 2 ðp þ 1Þe c dlðUðKPÞÞ c dlðUðKGÞÞ:
Therefore if KG is a non-commutative group algebra of a torsion nilpotent group G over a field K of positive characteristic p such that UðKGÞ is solvable, then
A natural question is to classify group algebras whose unit group is solvable and with minimal derived length. An answer is given by Theorem 1. Let KG be a group algebra of a torsion nilpotent group G over a field K of positive characteristic p. Then dlðUðKGÞÞ ¼ dlog 2 ðp þ 1Þe if and only if one of the following holds:
(b) p ¼ 2, and G 0 is central of order 4 and exponent 2.
As is well known, the group algebra KG has a natural Lie algebra structure via the Lie multiplication ½a; b :¼ ab À ba, for all a; b A KG. The Lie structure of KG seems heavily related to the structure of its unit group and several results have been obtained in this direction. A celebrated theorem of Passi, Passman and Sehgal [12] states that KG is Lie solvable if and only if the commutator subgroup of G is a finite p-group, at least for p odd, and this fact, by the statement recalled above, is equivalent to saying that UðKGÞ is solvable if p > 3 and G is a torsion group. Moreover Shalev [15, Theorem A] proved for arbitrary Lie solvable group algebras that
where the right-hand side of the inequality denotes the Lie derived length of KG. Finally, answering a question of Shalev, Lie solvable group algebras whose Lie derived length is exactly dlog 2 ð p þ 1Þe were listed in [16] . An immediate consequence of this result is the following 
Proof of the main result
The aim of what follows is to prove Theorem 1. We require a result dealing with finite p-groups with cyclic commutator subgroup, which was stated in the proof of [1, Theorem 2] . Lemma 3. Let K be a field of odd characteristic p and G be a finite p-group with generators a, b such that
where a n , b n , c n are suitable powers of 2 or À2 and a Using the same notation as in Lemma 3 (with H in place of G) we have that
are in d n ðUðKGÞÞ, where a n , b n , c n are suitable powers of 2 or À2 and a . Similarly, set At this stage, we observe that w :
A ½DðHÞ 3 ðu À 1Þ J DðGÞ
From this fact, combined with the above observation on w, the claim follows. 
Using the same notation as in Lemma 3 (with H :¼ hs; s 2 i, which has commutator subgroup of order p, in place of G), one has that We claim that In order to prove the above claim, we observe that
As a consequence,
and, similarly, Assume that for any e A fx 0 ; y 0 ; z 0 g. Hence, ½x n ; y n 1 ½ðx 0 À 1Þðs 2 Lemma 6. Let KG be the group algebra of a locally finite group over a field of positive characteristic and assume that UðKGÞ satisfies w ¼ 1. If S is any subalgebra of KG or R is any homomorphic image of KG, then UðSÞ and UðRÞ also satisfy w ¼ 1.
First we prove Theorem 1 when the ground field of the group algebra has characteristic at most 3. The following result, dealing with torsion but not necessarily nilpotent groups, extends [14, Theorems A and B] and completes the characteristic 3 case of Theorem 1.
Proposition 7. Let K be a field of odd characteristic p and G be a non-abelian torsion group. The following statements are equivalent:
(i) UðKGÞ is metabelian;
(ii) p ¼ 3, G is nilpotent and jG 0 j ¼ 3.
Proof. Suppose that UðKGÞ is metabelian. Assume that p d 5. Let a, b be elements of G and set H :¼ ha; bi. As G is solvable, G is locally finite, hence H is finite and, obviously, UðKHÞ is metabelian. Thus, according to [14, Theorem A], one has H 0 ¼ h1i, from which it follows that G is abelian.
Suppose that char K ¼ 3 and G is not abelian. Therefore there exist z; w A G such that ðz; wÞ 0 1. Set L :¼ hz; wi. Since UðKLÞ is metabelian, [14, Theorem B] forces L 0 to have order 3. Thus KG is modular. At this stage, by virtue of the BovdiKhripta classification (see [5, p. 221] ), either G 0 is a finite 3-group or K ¼ F 3 , the field with three elements, and G has a normal finite 3-Sylow subgroup N such that G :¼ G=N satisfies one of the following conditions: Suppose that one of the above cases holds. Then, according to Lemma 6, the unit group of the group algebra KG is solvable and dlðUðKGÞÞ c dlðUðKGÞÞ. Furthermore, in any case, G contains a non-abelian finite subgroup M. Now, UðKMÞ is metabelian and M 0 contains a non-trivial 2-element, but this contradicts [14, Theorem B] .
If G 0 is a finite 3-group, one can find a finite subgroup S of G such that G 0 ¼ S 0 . Thus, by [14, Theorem B], we deduce that jG 0 j c 3. If G is a 3-group, as G 0 is finite, G is nilpotent. Thus, suppose that G contains a 3 0 -element. In this situation, we claim that G G B Â A, where B is a 3-group and A is an abelian 3 0 -group. Indeed, when G is finite, this is exactly [14, Corollary 3.3] . Thus, in the finite case, the 3-elements and the 3 0 -elements form two normal subgroups of G. In the torsion case, to see this fact, it su‰ces to consider the finitely generated (hence, finite) case, and the claim follows. Therefore we conclude that, in any event, G must be nilpotent.
The converse result is given by the main theorem of [2] , and this concludes the proof. r For the case when G is a finite group, the previous characterization was given in even characteristic by Kurdics [8] and, independently, by Coleman and Sandling [7] . Here we establish the following Proposition 8. Let K be a field of characteristic 2 and G be a non-abelian torsion nilpotent group. The following statements are equivalent:
(ii) G 0 is a central elementary abelian group of order dividing 4.
Proof. Assume that UðKGÞ is metabelian. We can pick a finite non-abelian subgroup E of G and, obviously, UðKEÞ is metabelian. Then, according to the theorem of [8] , KG is modular. Hence, from [5, p. 221] , there exists a finite normal 2-subgroup N of G such that G :¼ G=N satisfies one of the following conditions:
(a) G is abelian;
(b) G is a direct product of an abelian group W having no element of order 2, and a 2-group B with the following properties: (1) B has an abelian subgroup of index 2; (2) B=zðBÞ is a group of finite exponent.
If G 0 is a finite 2-group, then using the same arguments as in the characteristic 3 case, one has G ¼ P Â Q, where P is a (nilpotent) 2-group of class 2 whose commutator subgroup is elementary abelian of order dividing 4 and Q is an abelian 2 0 -group. Hence, suppose that G is as in (b 
is a finite 2-group; therefore G 0 must be a finite 2-group and we reduce the situation to the above case.
Conversely, if G is a nilpotent group of class 2 with elementary commutator subgroup of order dividing 4, KG is strongly Lie metabelian (see [9] ) and, as in any case dlðUðKGÞÞ c dl L ðKGÞ, where the right-hand term of the inequality denotes the strong Lie derived length of KG, one has that UðKGÞ is metabelian, and the proof is done. r
We can deal now with the general case.
Proof of Theorem 1. Assume that p d 5. It is su‰cient to prove that, if we have dlðUðKGÞÞ ¼ dlog 2 ð p þ 1Þe, then G 0 has order p (as the converse is a consequence of the main theorem of [2] ).
Let G be a counter-example, namely a torsion nilpotent group such that jG 0 j > p and dlðUðKGÞÞ ¼ dlog 2 ðp þ 1Þe. As G 0 is a finite p-group, we can write G 0 ¼ hða 1 ; a 2 Þ; ða 3 ; a 4 Þ; . . . ; ða k ; a kþ1 Þi, for some integer k d 1. Thus we may replace G by ha 1 ; . . . ; a kþ1 i and assume that G is finite (as G is torsion and solvable, hence locally finite).
Since G is finite and nilpotent, if P denotes its p-Sylow subgroup, the fact that G 0 c P implies that G 0 ¼ P 0 , hence we can replace G by P and assume that G is a finite p-group.
According to [ Finally, if jG=FðGÞj ¼ p 2 , we write G ¼ ha; bi. In this case G has nilpotency class 3, that is, G is a CF ð4; t; pÞ group. But, by invoking Lemma 5, we have a contradiction again, and this completes the proof. r
